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Abstract. The n-fold tensor product space generated by a given irreducible representation
of the unitary group U(N} is a representation space for the symmetric group S, as well
as for U(N). Using ideas from the theory of dual pairs, such tensor product spaces are
decomposed into irreducible representations of U(N) times reducible representations of
S,. Computationaily effective formulae for the multiplicity of irreducible representations
of S, are given. Generating sets of invariant polynomials from the enveloping algebra of
U(N) that commute with the S, action are exhibited; it is shown that the eigenvalues of
such operators can be used to break the multiplicity occurring in the dual U( N1 X S, action.

1. Introduction

A problem of recurring interest in mathematical physics is that of finding the types of
irreducible representations of the symmetric group that occur in the decomposition of
the n-fold tensor product representations of a given group. In particular, such problems
arise when identical representations are coupled together and one wishes to find the
symmetric or antisymmetric representations of the symmetric group, corresponding to
fermionic or bosonic type systems.

The classic example of such types of problems is the Schur-Weyl duality theorem
(cf Weyl 1946 or Zelobenko 1973), which states that if the natural representation of
the unitary group U(N) (or equivalently, of the general linear group GL(N,C)) is
tensored n times, then under the joint action of the symmetric group S,, and GL(N, C)
this tensor product is decomposed into a direct sum of muitiplicity-free irreducible
subrepresentations uniquely labelled by Young diagrams. We will give a very simple
proof of this result in section 5. What we wish to do in this paper is to give a procedure
for explicitly decomposing n-fold tensor product S, X GL(N, C) modules of repeated
irreducible representations of GL(N, C) with signatures of the form (M, 0,...,0) and
not just the natural representation (signature (1,0, ...,0)). Obviously the decomposi-
tion of S, x GL(n, C)-modules is not multiplicity-free, as the simple example (4,0, 0)®
(4,0,0)®(4,0,0) in section 5 already shows. To break these multiplicities we shall
make use of S, -invariant differential operators; this conforms with our general method
of using invariant differential operators of various groups to resolve the multiplicity
problem as shown in Klink and Ton-That (1988, 1989a, b). Section 4 deals with these
S,-invariant differential operators. To carry out our procedure we also make use of
the theory of dual pairs as discussed in Moshinsky and Quesne (1970), Howe (1985,
1987), Klink and Ton-That (1988, 1989a, b). The theory of dual pairs provides a natural
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setting for generalising the Schur-Weyl duality type problems, not only for U(N), but
for all the compact groups. The notion of dual pairs is discussed in section 2, and in
section 3 we will show how the problem is connected with the notion of representations
of the Weyl group of GL(n,C) on the zero-weight spaces of GL(n, C)-modules.
Combining the theory of dual pairs with the notion of zero-weight spaces gives the
multiplicity of the representations of the symmetric group S, (considered as the Weyl
group of GL(n,C)) in n-fold tensor products of representations of GL(N,C) with
signature (M, 0,...,0), but unfortunately all known formulae concerning this multi-
plicity (c¢f Gutkin 1973, Kostant 1975, Ariki et al 1985) are sufficiently complicated
when n becomes so large as to not be very useful computationally. So in section § we
present a computationally useful way, especially adaptable to computers, of finding
symmetric group multiplicities, by showing how to calculate the (generally) reducible
characters of the symmetric group S, and more importantly, how to break these
multiplicities using S,-invariant differential operators. Several examples illustrate the
use of our method for calculating characters of S,. We conclude with a brief discussion
on the generalisation of our result to n-fold tensor products of arbitrary irreducible
representations of GL(N, C) of the same signature.

2. Representations of the symmetric group S, and dual pairs

Let C"™" denote the vector space of nxN complex matrices. Let dZ=
nMdX, dY, (Z,=X,+v-1Y,, Isisn, 1<j<N) denote the Lebesgue product
measure on R™™., Define a Gaussian measure du on C"™*"~ by

du(Z)=m"" exp[-tr(22")] dZ.

Let F= F(C"™*") be the Hilbert space of all holomorphic entire functions F on C"*"
which are square integrable, i.e. jcnx\ [F(Z)?du(Z) <. In Klink and Ton-That
(1989b) it is shown that the integration inner product of & is identical to the computa-
tionally more useful differentiation inner product

(F\, F)=F(D)F«Z)|7-, (2.1)

where F(D) denotes the differential operator formally obtained from the infinite series
F(Z) by replacing Z, by §/6Z,. Such an inner product is useful because, as will be
shown, the irreducible representation spaces of GL(N, C) are given by polynomials
in %

The action of GL(N, C) on Z is given by right translation

[R(g)F1(Z)=F(Zg) geGL(N, C) (2.2)
and is highly reducible. Similarly, GL(n, C) acts on & by left translation

[L(R)FYZ)=F({(h')"'Z) h'e GL(n,C). (2.3)
Let r denote the minimum of n and N and let (m)=(m,,..., m,) be an r-tuple of

non-negative integers satisfying the dominant condition m,=m,>=...=m,. Then
models of irreducible representations of GL(N, C) (respectively, GL(n, C)) of signature
(m) can be realised in F as follows. Let By (respectively, B,) denote the Borel
subgroup of GL(N, C) (respectively, GL(n, C)) consisting of upper triangular (respec-
tively, lower triangular) matrices.
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Set
V™ ={Fe &: F(Zb)=b}y ... b'F(Z),Vbe By}

(2.4)
V'™ ={Fe% F(Zb)=by...bF(Z),VBe Bp}

then the representation of GL(N, C) (respectively, GL(n, C)) obtained by right transla-
tion (respectively, left translation) on V'™’ (respectively, on V') is irreducible with
signature (m).

Now under the joint action L{(h")® R(g) of GL(n, C) and GL.(N, C) the Fock space
F is decomposed into irreducible submodules

g:___ Z @57("1) (25)
(m}

where (m) ranges over all r-tuples of integers such that m;=m,=...2m, =0 and
where 7"’ denotes the isotypic component of (m) in # The isotypic component
T is the sum of all GL(N, C)-submodules in & which are isomorphic to V'™; or
equivalently, the sum of all GL(n, C)-submodules in % that are isomorphic to V'*",
It can be shown that '™ is generated by L(h)F, e GL(n,C), Fe V'™ or
equivalently, by R(g)F', ge GL(N,C), F'e V'™ (cf Zelobenko 1970, chapter VIII
or Howe 1987).
Of central interest in this paper is the n-fold tensor product

VIO, @ VRO

Since the representation V'¢"% %' is repeated n times, the symmetric group S, of

permutations on n elements also acts on this tensor product. The natural space for
studying the decomposition of this joint action of S, x GL(N, C) is the Fock space &.
Indeed, let D, denote the diagonal subgroup of GL{n, C) and define the subspace
P U of F by

PMM —(Fe F F(d'Z)=dM .. dMF(Z)=|d|MF(Z),Vd' e D}} (2.6)

where |d'] denotes the determinant of d’. It was shown in Klink and Ton-That (1989b)
that MM is isomorphic to V"M® .. .® VM%-% (1 times) with the joint action

[L(c)®R(g)]F(Z)=F(¢'Zg) ceS,, geGL(N, C). (2.7)

Our problem can be set in the context of reductive dual pairs as follows. By
definition a reductive dual pair of groups (G’, G) acting on & is a pair of reductive
groups whose representations on F are such that one group is the centraliser of the
other and vice-versa (see Howe 1985). Let G=GL(N,C)x...xGL(N, C) (n times);
then the action of G on ¥ is again given by

[R<g>F1<2)=F<[z'g']) Fegd
ann

Z (2.8)
gz(gla"',gn) g,EGL(N,C) Z=

where Z; denotes the ith row of ZeC"*". Let G’ be the diagonal subgroup D/, of
GL(n, C) then G'=GL(1,C) x...xGL(1,C) (n times) and it was shown in Klink and
Ton-That (1989b) that G’ and G form a reductive dual pair on & such that under the
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joint action of the pair (G',G) F is decomposed into isotypic components F =
S oy @PMMO I we set H={(g,...,g)€G}=GL(N,C) and H'=GL(n,C)
then (H’, H) forms another dual pair and we have the decomposition of F into isotypic
components F'”' from (2.5).

Now the semidirect product K'=S,& G’ is a subgroup of H' such that G'= K'< H';
if there were a dual group K to K’ such that G K < H then the decomposition of the

Schur-Weyl duality theorern, in the sense that the isotypic components of (K', K)
would tie together each irreducible representation label of GL(N, )< K with an
irreducible label of S, = K'. Unfortunately, it is not difficult to show that there is no
group K between G and H which is dual to K'. This shows that a generalisation of
the Schur-Weyl duality theorem is not possible. However, we still have the interesting
problem of explicitly decomposing the generalised Schur-Weyl S, x GL(N, C)-module
@ MM For this we shall make use of the dual pair action (H', H) to compute the
multiplicity of each irreducible S, x GL(N, C)-module in ?'*~*"" and the S,-invariant
differential operators on ?'* ™" to break this multiplicity.

Now, from Klink and Ton-That (1989b) we can find a complete decomposition of
P MM ynder the single action of GL(N, C), and hence we can write 2 "' =% ,, @

GL(n,C) and H=GL(N,C) commute and leave each J'™'~ 2™*" jnvariant.
Hence, to decompose the S, x GL(N, C)-module ?* " it suffices to decompose
each submodule 7' ~ 2" ™' But, as we observed before, '™ is generated by
L(h'}F, h'e GL(n,C), Fe V'™, therefore, we need to find how to send an element of
V™ into @™™) This is most easily accomplished by introducing differential

e

operators acting on ¥ which form a faithful representation of the Lie algebra of
GL(n,C):

N a
L= Zi—— I<a,B=n 2.9
s=X "z, @, B=n (2.9)

The elements L,, form a basis for the Lie algebra of the diagonal subgroup D, =G’
of H'=GL(n, C). Further, the condition

F(b'Z)=F(Z) b'= .
# 1
needed for F to be an element of V'™' can be written infinitesimally as
L.s,F=0 Va<g. (2.10)

The operators L.z, a > 3 act as ‘lowering operators’ and take elements of V'™ into
@(M.....M)‘

If Fe V™ is chosen to be a highest-weight vector Fij. of V'™ then F{I. is also

(m)

a highest vector of V"""’ and we can write Fi;,, as
Mix(Z) = (AUZ)™ ™™ (A(Z)) ™" (A Z)™ (2.11)

where A}(Z)=2,;, and (A}7))(Z) denotes the ith principal minor of Z; 1<is<r.
Moreover, under the action of the lowering operators, the images of F\.., span the
weight space of V'™’ of weight (M, ..., M). In fact, if [k] is a Gelfand tableau of
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the form

m, ... m,0

my ,_y,

[k]=

my,

where m;,, =m;, 1 <i<r, then it was shown in Klink and Ton-That (1989b) that [k]
labels a weight vector with weight (M, ..., M) if and only if

mpy,+...+m,=nM m ., +my, +...=n-1)M ... m;=M (2.12)

and using the GL(n, C)-invariant differential operators given by equation (3.5) of Klink
and Ton-That (1989b) to diagonalise the (M, ..., M)-weight space of V', we can
actually obtain the Gelfand-Zetlin basis vectors in this (M, ..., M)-weight space.

The reciprocity theorem in Klink and Ton-That (1989b, corollary 2.9) also shows
that the number of times the representation with signature (m) of GL(n, C) occurs in
P MM} s given by the number of Gelfand-Zetlin tableaux satisfying the condition
(2.12). This fact can be stated more precisely as follows.

by the number of Gelfand-Zetlin labels satisfying the weight condition (2.11) given
above.

There are of course many well known formulae giving this dimension starting with
the Littlewood-Richardson product rule; however, our formulation has a definite
advantage in that it actually gives an explicit resolution of the S,-multiplicities using
these Gelfand tableaux and naturally leads to the calculation of Clebsch-Gordan and
Racah coefficients.

To further decompose the reducible representation of S, we remark that the

module '™ and that several authors have investigated the decomposition of the
zero-weight S,-module of the GL(n, C)-module V™. Such zero-weight spaces are
discussed in the next section.

3. Representations of S, on zero-weight spaces of GL(N, C)-modules

In the context of our problem, representations of the Weyl group of GL(n,C) on
zero-weight spaces of GL(n, C)-modules can be defined as follows.

We begin by identifying S, with the subgroup of all permutation matrices in
GL(n, C) via the faithful representation o> [c]€ GL(n, C); 0 €S,, where [o] is defined
by[o];=6,.; 1 =i, j=<n, §, being the Kronecker delta. An easy computation shows
that the normaliser N,, of D,, in GL(n, C) consists of all monomial matrices in GL(n, C);
i.e. matrices that have only one non-zero entry in each row and similarly in each
column. It follows immediately that N, is the semidirect product S,& D, (previously
called K’, in section 1 so that S, is identified with the Weyl group W,=N,/D, of
GL(n,C)). From section 2 we see that any polynomial representation of GL(n, C)
(respectively, GL(N, C)) can be realised as a GL(n, C)-module (respectively, GL(N, C)-
module) in F(C"*") of the form V'™ (respectively V™) of (2.4). A vector Fe V'™
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(respectively V'™') is called a weight vector with weight (M|, ..., M,,) (respectively,
(M,, ..., My)), M, non-negative integers, if

Lid OWF=d" .. .dM YdeD,

(respectively, R(d)F=d " ...d ¥~ VdeDy).

Obviously the weight vectors in V'’ (respectively in V'™’) corresponding to the same
weight (M) form a subspace of V"""’ (respectively V'™') which is called the weight
space V/i7) (respectively V{7/'). If the weight (M) is such that M, =...= M, = M,
then it is called the zero weight and the corresponding weight space is denoted by

Vi'™ (respectively, V§™'). (This notation is justified by the fact that if we consider

™ (respectively V'™'} as an irreducible SL(n, C)-module (respectlvely SL(N C)-

module) then ford e D, nSL(n, C) (respectlvely, D~ nSL(N, C)) =d|™ =
1and V'™ then consists of all vectors F e V'™ (respectively V™) such that L(d)F F
(respectively R(d)F = F).) From section 2 we can see that the zero-weight space of
V' is non-trivial if and only if nM =|(m)|=m,+...+m,, so that the zero-weight
space of V' is unique. Now from the abstract definition it is obvious that V''" is
invariant under the Weyl group W, =S,; in fact, it is the only weight space of V'™
that is W -invariant. Concretely we can see this as follows. Let Fe V'™, o €8S, and
d € D, then obviously o~ 'do e D, and therefore

Ld"YWL(o)F = L(o(oc "'do))F
=L(U‘)L(0'_ldO')F
ldlMF
|d|M o) F).

Thus V§'™' (respectively Vi"') can be considered as an S,-module (respectively,
Sn-module). Now, if V is a GL(n, C)-module we can decompose V in irreducible
submodules and the zero-weight space V, of V is obviously the direct sum of the
zero-weight spaces of its irreducible constituents. A particular case of special interest
to us is the zero-weight space 7™’ of the isotypic component of V"™ (or of V™)
which consists of p copies of the zero-weight space V'™ if p is the multiplicity of
V/(m) in j(m)

Several authors have studied the S,-module V'™’ especially the character X""' of
S,. Kostant (1975) pointed out a very useful fact, namely that the value of yy"’ on a
Coxeter element u of W, is either 0 or =1 (in our context a Coxeter element can be
taken as the permutation (12,..., n)). Gutkin (1973) showed that V'™’ can be treated
as an induced S,-module. And finally Ariki et al (1985) gave a more direct method
of decomposing V™’

Using the theorems of Ariki ef al, one can obtain in principle a spectral decomposi-
tion of the zero-weight S,-module V'™ by successively following the three steps given
there. However, in practice, when n becomes large the computation becomes prohibi-
tive, even with the help of computers. In section 5 we give a procedure, especially
adaptable to computers, to compute the character y§™

4. The ring of S,-invariant differential operators on #(C"*")

As we have seen from sections 2 and 3, the decomposition of the S, x GL( N, C)-module
P M--M) reduces to the decomposition of submodules TV = F' ~ P MM} yhen
(m) ranges over the signatures of all irreducible representations of GL(N, C) that
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the decomposition of the S,-modules V§'™'. But in general this decomposition is not
multiplicity free. For example, the space V{®**(C***) in the next section shows that
the trivial representation of S; occurs once and the two-dimensional representation
of S; occurs twice in this five-dimensional zero-weight space. We want, then, to find
a canonical procedure to label the equivalent representations of S, that occur in this
V4™ i.e. to resolve the multiplicity problem in V™. To do this we will construct a
family of commuting S,-invariant differential operators on & which when restricted
to V'™ will diagonalise V('™ and whose distinct eigenvalues can serve as labels of
the irreducible representations of S, that occur in V{'™’. We proceed as follows.

Let U denote the universal enveloping algebra of differential operators generated
by the Lie algebra basis {L,g, 1 < a, B < n} of GL(n, C) given by (2.10); then % also
acts on #. A differential operator U € % is said to be S, -invariant if UL(c)=L(c)U

(or equivalently L(c) UL(o™")=U) for all o€ S,. We have the following theorem.
q

Theorem. The S,-invariant differential operators form a subalgebra of %. This subal-
gebra is finitely generated and a set of generators can be given by elements of the form
U= U(L,s) € Usuchthat U(L, o, o5)=U(L,g)foralloe S, andallq,B=1,...,n

Proof. Let gl(n, C) denote the Lie algebra spanned by the basis element L.z, 1= a,
B < n. Then each element X in gl(n, C) can be written uniquely as

X=% XupLas X,5€C
a,B=1

so that X can be identified with the matrix [X,z]€ C"*". Let S denote the symmetric
algebra of all polynomial functions of C"™", Let T denote the coadjoint representation
of GL(n, C) in S defined by

[T(h)pl(X)=p(h~'Xh) heGL(n,C), pes.

Now, it was shown in Klink and Ton-That (1988) that under the canonical isomorphism
® of S onto U (cf Dixmier 1974, chapter 3) that an element ®(p) in % is S,-invariant
if and only if p([0] ' X[o]) = p(X) for all c€8S,. If we identify a permutation ¢ with
a matrix in GL(n, C) via the equation

[U]ilzai,zr(_/) lsiaJSn
then an easy computation shows that
([a'vl]X[o'])lj = Xrt(l),:r(/b‘

It follows that a polynomial p(X) is S,-invariant, i.e. p(c” ' Xa)=p(X) VoeS,, if
and only if expanded in the variables X, 1 <i, j < n, it is invariant under any permuta-
tion of the indices (i, j).

Let E; denote the matrix with 1 in the (i, j) entry and O elsewhere and let c€8S,,;
then

[U—IEUU]H = Gic )81 -
If p:S,—>GL(C"*")=~GL(n? C) is the representation of o in C"*" defined by
p(oc)E;)=0'E,0 VE

Y
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then we have an embedding of S,, into S,2. This action p extends in an obvious manner
to a linear action on S(C"™"). It follows from Springer (1977) that S, is a finite
reflection group and hence by a theorem of Chevalley (1955) the ring of S,-invariants
is finitely generated by algebraically independent homogeneous elements. O

Remark. The centre of U consisting of differential operators which are GL(n, C)-
invariants is obviously contained in the subalgebra of all S,-invariant differential
operators. Therefore, if we let [L] denote the matrix [L.z], 1<a, B<n then the
non-commutative trace operators Tr([L]*) are GL(n, C)-invariant, and hence S,-
invariant. It is easy to show that there are many S,-invariant differential operators
that are not GL(n, C)-invariant; e.g. for n =3

UM' Z er(l)rr(")erl’D(rl1)L(Y(3)(T(2)L(r(2)(rl1D‘ (41)

eS8y

1(m)

5. Computing S, characters on the GL(n, C)-modules V

As mentioned previously, there are several closed-form expressions giving the character
of S, on V'™, However, these formulae are sufficiently complicated that they are not
very useful from a computational point of view. In this section we will present a
method for computing the S, character which is easy to implement from a computational
point of view, but is too complicated to be able to write down in closed form. We
conclude this section with two examples, the first of which uses an S,-invariant
differential operator of the form discussed in the previous section to break the
multiplicity.

In Klink and Ton-That (1989a, b) we showed how to obtain a Gelfand-Zetlin basis
for V'™ from its highest-weight vector. It follows that if a Gelfand state h(;Y is in
V)" and if o €§, then

L(U’)h“\] = Z D ;\][;\] h[;\ (51)

where D{['};,; are matrix elements of a reducible representation of S, and the sum is
over all Gelfand patterns [k'] of weight (M, ..., M). Since the h{}} form an orthogonal
basis, it is possible to write down the S, matrix elements as

(hiity, Lia)hit)
lfh‘i"flf
The character x"' is then given by
xo" () =Tr(D'" ()
=2 Di{jin(o)
(%]

Do) =

_ 5 hiEy, Lo)hii)
(k) gyl
Since the h(}} are polynomials in Z and the norms of h;}} have been computed (Ho
Pei-Yu 1966) it is straightforward though tedious to compute the inner products in
(5.2) and hence to get the character yy"'.
In the remaining part of this section we use (5.2) to compute a number of characters
to illustrate the theory.

(5.2)
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First we show that the Schur-Weyl duality theorem is a special case of our procedure.
To see this consider the n-fold tensor product of the representation of GL(N, C) of
signature (1,0,...,0). To get the multiplicity of the representation of GL(N, C) with
signature (m,,...,mn,0,...,0)if Nsnor(m,,...,m,,...,0)if n <N we consider
the weight condition m;+...+m, = nM = n (since M = 1) and the chain of subgroups
GL(N,C)>GL(N-1,C)>...2GL(1,C). In V""" (r =min(n, N)) the Gelfand-

tm)

Zetlin basis elements are ik » Where, for example, in the case n< N

mn Man ... Myx ... 0 ... 0
My No1 Mo cen MmN, ... 0
k= |
ms maa
my,

are Gelfand tableaux which satisfy the weight condition

MmN = m, isisn
M ntooctmno,=n-1

ml./‘\»~2+m2,,\‘_3+...;:71—2 (5 3)

mpy+my, =2

m;=1.

GL(;,C), 1<is N. S, acts on the space V/"', and according to the statement in
section 2 the dimension of this representation is given by the number of tableaux [k]
satisfying the condition (5.3). The N -1 tuple (m, n_y...., My ~n_1,0,...,0) with
My n-T...+m, -, =n—1 corresponding to the signature of an irreducible rep-
resentation of GL(n—1,C) in the n—1 tensor product

(1,0,...,00®...®(1,0,...,0)

n—1

in turn induces a representation of S,_,. Thus, by iterating this process we have a
chain of subgroups S, >S,_,>...25, acting on V{'"'. We prove by induction on i
that each tuple (m;;, m,,,...) corresponds to a Young diagram of S,. From (5.3) this
is obviously true for i=1. Assume this is true for all integers <i and consider the
subtableau of [k] of the form

my . My
ml.l mlr
my ms»
my,

where by the inductive hypothesis each (m,,, m.,,...) corresponds to Young diagram
of an irreducible representation of S,. The betweeness relations m, ., =m;;=m, ., =
my ;... and the conditions m, ,,,+m>,;,,+...=i+1, m,;+m,,+...=i show that by
the branching law for irreducible representations of the symmetric groups (cf Hammer-
mesh 1962; especially equation (7.52), p 210) that the tuple (m, ;.\, my,.,,...) is the
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Young tableau of an irreducible representations of S,_,. It follows that the representa-
tion of S, on (V''™), is irreducible and its signature is the Young diagram
(my,m,,...,m,,...). This is exactly the Schur-Weyl duality theorem.

Example 1. Consider the threefold tensor product V'**'@ v!400g 400 ~ a4
of GL(3, C); the multiplicity of V'*** in this tensor product is § and the Gelfand-Zetlin
basis for (V''®*%), is the set

{h g40\,h/sa0\,h/aoy,hreao,h/sa0
)

4 4 4 4 4
By proposition 5.4 of Ariki et al (1985), the symmetric representation of S; must occur
in the reduction of (V'**%),. By a theorem of Kostant (1975) x;>**(u) is either 0,
1, or —1. From these facts it is easy to deduce that the symmetric representation p,
must occur in (V'**%)  once, and the two-dimensional representation p, must occur
in (V'**9); twice. To resolve this multiplicity problem, we apply the S;-invariant
differential operator U*' of (4.1) to V''**”, The eigenvalues of this operator are 168,
270+6+/193 and 270 — 6+/193. The eigenvalue 168 labels the symmetric representation
ps, the eigenvalue 270+ 6+/193, which occurs with multiplicity 2, labels one copy of
the two-dimensional representation p, while 270—6+193 labels the other two-
dimensional representation of p,. (The symbolic manipulation program of Klink and
Ton-That (1988) was used to compute the eigenvalues of the operator U'*'.)

Table 1. Results of example 2.

Classes Multiplicity
A= S,
representations 3 (123 (123) n(S) n{A) n(2)
X 1 1 1
Xa 1 -1 1
X2 2 0 -1
MO M =1 2 0 -1 0 0 1
3 4 0 1 1 1 1
5 6 0 0 1 1 2
7 8 0 -1 1 1 3
9 10 0 1 2 2 3
11 12 0 0 2 2 4
13 14 0 -1 2 2 5
2 3 1 0 0 1
4 5 1 -1 1 0 1
6 7 1 1 2 1 2
8 9 1 0 2 1 3
10 11 1 -1 2 1 4
12 13 1 1 3 2 4
14 15 1 0 3 2 5
16 17 1 -1 3 2 6
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Example 2. In this example we consider the threefold tensor product of an arbitrary
irreducible representation of SU(2) labelled by an integer or half-integer j. This
representation corresponds to the representation of GL(2, C) of signature (M, 0) with
M =2j. Then the number of times the representation j of SU(2) occurs in the tensor
product is given by the number of Gelfand patterns

2M M 0

which is obviously equal to M +1, so that the Gelfand-Zetlin basis for (V'),=
(VMM s the set

h om v 0
Ml M-l .
Af P=0...M

A concrete realisation of these basis elements in the Fock space F(C*?) can be given
in the following way. Let Z e C*** and denote by A{(Z) the (i, 1)-entry of Z, 1 <i<3,
Let AY%(Z) denote the minor of Z formed by the rows i,j and the columns 1, 2. Then
an orthogonal basis for (VV), is

h<:.w % U)(Z) =[A1(Z)A1R(2)]Y TAUZ)ANZ) +A1(Z2)A1(2)].
M+ M-
M

Using equation (5.2) then gives x(e)=M +1 and x((12)(3)) =2, (-1)™ "', the com-
putation of x(123) is more complicated and will not be given here. From the expression
for multiplicity we get the results presented in table 1.

6. Conclusion

We have given a computauonally effective procedure to resolve the multiplicity of
irreducible representations of the symmetric group S, occurring in repeated tensor
products of U(N) (GL(N, C)) representations of the form (MO0...0). We are develop-
ing symbolic manipulation programs which generate the Gelfand-Zetlin tableaux and
the resulting reducible characters of S,; in fact the examples at the end of section §
were carried out using such programs.

Ifin a tensor product decomposition the multiplicity of an S,, irreducible representa-
tion is greater than 1, invariant operators from the enveloping algebra of GL(n, C)
which commute with S, may be introduced to break the S, multiplicity. In section 4
we showed that such invariant operators are finitely generated, and gave their general
form. Given an invariant operator, it is still necessary to diagonalise the operator; we
are also developing computer programs to compute the relevant eigenvalues and
eigenvectors of the multiplicity-breaking invariant operators.

All of the operations for obtaining basis elements that transform irreducibly under
S, and GL(N, C) start with polynomials associated with Gelfand-Zetlin tableaux.
That s, for each Gelfand-Zetlin tableau there is a polynomial element in the zero-weight
space, the intersection of the isotypic component of GL(N,C)x...xGL(N, C) and
GL(n, C)xGL(N, C). These polynomials form a basis for a reducible representation
of §,. By taking suitable linear combinations of these basis elements so that they
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transform irreducibly under S,,, it is possible to compute Clebsch-Gordan coefficients
which carry S, labels rather than intermediate coupling labels, as is usually the case
when computing Clebsch-Gordan coefficients of n-fold tensor products in a stepwise
fashion. Such symmetric group labelled Clebsch-Gordan coefficients are obtained by
taking the inner product of the symmetric group labelled basis polynomials with tensor
product basis polynomials; in our procedure computing an inner product means
differentiating the polynomials in a certain way (see Klink and Ton-That 1989a).
Clebsch-Gordan coeflicients carrying S, irreducible representation labels will be dis-
cussed in a subsequent publication.

In this paper we have only examined the symmetric group content of n-fold tensor
products of U(N) representations of the form (M, 0, ..., 0). Itis possible to generalise
our results to arbitrary irreducible representations of the form (M,, M,,... . M,,
0,...,0)=(M) with 1= r=< N. In this case the dual to GL(N,C}x...xGL(N,C) is
GL(r,C)x...xGL(r, C), and when the outer product group is restricted to the diagonal
subgroup, the dual becomes GL(rn, C). The Fock space is thus #(C,, .~ ) and can be
decomposed into isotypic components 7, or I(m), where (m)=(m,,..., my) is
an irreducible representation of GL{N, C) and GL(rn, C). Using operators from the
Lie algebra of GL(rn, C), elements from the irrducible representation space V'™ of
GL(N,C) can be mapped into . Then the symmetric group S,, leaves the
zero-weight space 7,,,,~ T, invariant. Since S, is a subgroup of S,,, it is clear that
the reducible representation of S,, on 7,,,,n 7 4, is also a reducible representation
of S,. Procedures for obtaining the multiplicities and basis elements of irreducible
representations of S, will be given in a future paper.

In a similar fashion it is also possible to obtain the symmetric group content of
n-fold tensor products of repeated representations of other compact groups, considered
as subgroups of GL(N, C). For example, the dual group to SO(N) is the symplectic
group. If (M) is an irreducible representation of GL( N, C) the irreducible representa-
tions of SO(N) contained in (M) are obtained from lowering operators in the Lie
algebra of the symplectic group which annihilate elements in the space labelled by
(M). n-fold tensor products of SO(N) come from the diagonal subgroup of SO(N) x
...XSO(N). The dual to the diagonal subgroup SO(N) wiil be a big symplectic group
containing the outer product symplectic groups. Using raising operating from the Lie
algebra of the symplectic group, elements can be mapped into the n-fold tensor product
space, which again carries a reducible representation of S,. In fact a generalisation
of the Schur-Weyl duality theorem for the orthogonal and symplectic groups was given
in Wenzl (1988) but one has to consider Brauer’s centraliser algebras instead of groups
(S, in the classical case).

Thus it is clear that as soon as the dual to a compact subgroup of GL(N, C) is
known, it is possible to find the S, content of n-fold tensor products of repeated
representations of that subgroup. Methods for carrying out such procedures for various
compact groups will be given in subsequent publications.
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